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We present a general method for calculating wave-packet evolution in the context of ultracold
atoms in matter-wave interferometers. This method provides an efficient tool for analyzing the
performance of atomic interferometers based on atom clouds initially prepared in a trap in a Bose-
Einstein condensate (BEC) state or in a thermal distribution. Without having to solve explicitely
the Gross-Pitaevskii or the Schro¨dinger equation, this provides a good estimation of dynamic wave-
packet properties such as size and phase across the wave-packet, and slows to predict the coherence of
the interferometer. We develop a generalized Thomas-Fermi approximation for a BEC in a harmonic
trap, which is valid for any atom-atom interaction strength. In particular, this approximation also
provides a good estimation of the transition from a three-dimensional to a one-dimensional BEC in
an elongated trap. The approximation is followed by a theory of dynamic wave-packet evolution
when the trap is fully or partially switched off and the atoms are split and propagate, for example,
in free space or in a matter waveguide. The method is applied for studying two examples of
interferometric effects: reduction of coherence of two-state interferometers due to imperfect spatial
recombination of the two interferometer arms (the “Humpty-Dumpty effect”) and phase diffusion
due to number uncertainty in the two interferometer arms, which was previously studied thoroughly
only for interferometric schemes where the BECs in the two arms stay trapped (for example, in a
double-well potential). For both effects we extend the applicability of the theory to a wide range of
interferometric scenarios that were not included in previous theories.
I. INTRODUCTION
Matter-wave interferometry with ultracold atoms has
become a wide field of fundamental and applied re-
search [1, 2] using many different techniques for split-
ting, guiding and probing. Coherent spatial splitting of
initially trapped atoms is performed by light pulses (in a
Ramsey-Borde´ [3], Raman [4] or Bragg [5–9] configura-
tion), by optical or magnetic fields that form double-well
potentials [10–13] or by magnetic gradient pulses in free
space [14–17]. In any of these schemes the most cru-
cial factor is coherence, namely keeping and retrieving a
well-defined phase difference between the interferometer
arms.
A common source of decoherence – a process that ran-
domizes the phase at the interferometer output – is exter-
nal noise, i.e., coupling of the atoms in the two interfer-
ometer arms to classical random forces or entanglement
with the quantum states of the environment, both lead-
ing to a similar result in the output port [19? ]. How-
ever, coherence may also be limited by internal properties
of the system that are not related to quantum or clas-
sical fluctuations of the environment. Here we discuss
two such examples and derive a wave-packet evolution
method that provides an efficient tool allowing for quan-
titative predictions related to these decoherence effects
and for designing the system parameters to optimize the
performance. .
One effect that limits coherence was first discussed in
the framework of a Stern-Gerlach interferometer where
a spin- 12 particle with the spin oriented perpendicular to
the magnetic field splits into two trajectories in a mag-
netic field gradient, which are then recombined to form
an interference signal. The signal is the spin orientation
at the output port, which depends on the relative phase
accumulated along the two paths. The contrast of this
spin signal with changing phase (spin-coherence) depends
on how accurately the two paths are recombined to be-
come indistinguishable in position and momentum at the
output port. Theoretical studies of this spin coherence
showed that a very high level of accuracy in manipulat-
ing the trajectories of the two arms is needed [20–22].
Coherent magnetic Stern-Gerlach splitting to microme-
ter distances was realized recently [17] and increasing
the splitting distance requires a better understanding of
the effect termed “the Humpty-Dumpty effect”. In prin-
ciple, this effect may occur in any interferometric config-
uration that involves entanglement between internal and
spatial degrees of freedom [23]. In order to quantitatively
estimate this effect it is essential to know the overlap be-
tween the spatial states of the two interferometer arms in
position and momentum at the output port. It is there-
fore necessary to apply a wave-packet propagation mode
that goes beyond a semiclassical picture of well-defined
trajectories.
Another kind of interferometric decoherence is a many-
body effect related to atom-atom interactions relevant to
interferometers using a Bose-Einstein condensate (BEC).
Phase diffusion due to atom-atom interactions emerges
from the uncertainty of the number of atoms in each arm,
which is an essential part of the splitting process and
an essential condition for a well-defined relative phase
between the paths.
Since the first observation of interference between two
BECs [24] and the explanation of phase randomness by
the process of phase diffusion due to atom-atom inter-
actions [25, 26], it is well established that the time of
coherent separation of a BEC after splitting is limited
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2by this inherent decoherence process to a few tens of
milliseconds, unless the BEC is very dilute or number
squeezing takes place due to slow separation [13, 27, 28].
The rate of phase diffusion was previously calculated for
cases in which the BEC is kept in a trap or a harmonic
potential along the whole interferometric sequence [25–
27]. In contrast, if the interferometer is implemented in
free space, where the BEC is freely expanding, then it
is expected that phase diffusion due to atom-atom in-
teractions is negligible due to the fact that the atomic
density drastically drops during expansion. In order to
understand this critical process in cases where the BEC
is not completely released, for example, if it continues to
propagate in a guiding potential such as a ring that con-
fines the motion to a specific trajectory, it is essential to
use a wave-packet propagation model to account for the
evolution during propagation.
A fairly accurate way to calculate the dynamics of a
BEC under the influence of time-dependent potentials
responsible for the splitting, guiding, and recombining
of the atomic wave-packets through the interferometer
would be to solve the Gross-Pitaevskii (GP) equation,
which is a successful mean-field approximation for many
practical cases [30]. However, for many interferomet-
ric scenarios it is impractical to solve the GP equation
in three dimensions along the interferometric sequence,
especially when such a calculation needs to be iterated
many times for the purpose of design and stability predic-
tion. An effective approximate solution of the GP equa-
tion in a quadratic potential and in the time-dependent
Thomas-Fermi (TF) approximation, where the kinetic
energy of the trapped BEC is neglected, was first pre-
sented by Castin and Dum [31], who also provided an
analytical approximate solution for the expansion of a
BEC in free space. Later work generalized the dynam-
ics in free space to beyond the TF limit [32] and other
works have also extended the Castin-Dum theory to any
kind of quadratic potential with time-dependent linear
and quadratic terms, including the case of rotating traps
(see a review in [33]).
Here we further generalize the previously developed
BEC evolution methods to enable the calculation of the
dynamics of initially trapped atomic wave-packets in the
presence of any atom-atom interaction strength, from
the limit of weak interactions suitable for dilute ther-
mal clouds, to the case of a tightly confined BEC, sub-
ject to dynamic potential gradients or guiding potentials.
The dependence of wave-packet dynamics on the num-
ber of atoms in each interferometer arm after splitting
give rise to phase diffusion due to number uncertainty.
Our analysis starts with a generalization of the static
Thomas-Fermi approximation for the time-independent
GP equation in a trap, which we compare to a full three-
dimensional solution of the GP equation. We find that
it provides a good approximation for the chemical po-
tential and widths of the atomic cloud across the rele-
vant range of interaction strengths. We also compare our
splitting dynamics provided by the wave-packet evolution
method developed here to the numerical solution of the
time-dependent GP equation and find that it provides
a good approximation for the dynamics if the splitting
time is short.
Based on our wave-packet evolution method, we then
provide a detailed theory of the two decoherence effects
mentioned above: decoherence of a two-state spatial in-
terferometer due to imperfect recombination and phase
diffusion due to atom-atom interactions in an interfer-
ometer using BEC wave-packets evolving in trapping or
guiding potentials or in free space.
The structure of this paper is as follows: in Sec-
tion II we present the generalized TF approximation for
a trapped BEC and the wave-packet evolution method.
In Section III we present the theory of coherence in a
two-state spatial interferometer, for the case of a BEC or
a thermal cloud. In Section IV we present the theory of
phase diffusion for trapped or propagating wave-packets
and finally we provide an outlook and conclusions in Sec-
tion V.
II. WAVE PACKET EVOLUTION
Let us consider atoms of mass m initially trapped
in a harmonic potential V (r) = 12m
∑3
j=1 ω
2
j r
2
j , where
rj = 1, 2, 3 for j = 1, 2, 3, respectively, are the Carte-
sian coordinates parallel to the axes of the trap and ωj
are the respective trap frequencies. We consider two
cases that will be treated ton the same footing: the ini-
tial atomic wave function may either be any eigenstate
of the single-particle Hamiltonian, satisfying the time-
independent Schro¨dinger equation, if atom-atom interac-
tions are negligible, or it may be, in the presence of in-
teractions, the lowest energy solution (Bose-Einstein con-
densate, BEC) of the time-independent Gross-Pitaevskii
(GP) mean-field equation− h¯2
2m
∇2 + 1
2
m
3∑
j=1
ω2j r
2
j + gN |Φ0|2 − µ
Φ0(r) = 0.
(1)
Here the mean-field repulsive potential (third term in the
brackets) is proportional to the atom density N |Φ0||2,
whereN is the number of atoms and the wave function Φ0
is normalized to unity, and the coupling strength is g =
4pih¯2as/m with as being the s-wave scattering length. µ
in Eq. (1) is the chemical potential or it may be replaced
by any eigenstate energy µ → h¯∑3j=1 ωj(nj + 12 ), with
nj being non-negative integers, in the absence of interac-
tions (gN → 0).
Eq. (1) has two opposite limits: (a) the single-particle
limit where the interaction term is negligible and the so-
lutions for Φ0 are Hermite-Gaussian functions; (b) the
Thomas-Fermi (TF) limit, where the kinetic term is neg-
ligible relative to the potential terms, in which case the
ground state solution for Φ0 has an inverse parabolic
shape with a sharp edge. In what follows we discuss
3the evolution of Φ0 when the potential changes in time.
If the potential stays smooth enough then one can use an
approximate solution for the evolution. Such an approx-
imation was derived by Castin and Dum [31] for the TF
limit and later generalized to free expansion with any in-
teraction strength [32]. Here we further generalize previ-
ous methods to permit calculations of the propagation of
a BEC with any interaction strength or a non-interacting
Bose gas at a finite temperature in a time-dependent po-
tential that can be expanded in a quadratic form across
the volume occupied by the atomic cloud. We first de-
rive a generalized TF approximation that can be used to
parameterize the initial trapped wave function for all in-
teraction strengths. This parameterization will be then
used to derive the equations of motion for the dynamical
parameters of evolution when the potential changes in
time.
A. Generalized Thomas-Fermi approximation
The Thomas-Fermi (TF) approximation [30] usually
provides successful predictions for the state of a BEC of
many atoms in a trap with a relatively low aspect ratio
between its axes. It assumes that the kinetic energy is
negligible with respect to the interaction energy, so that
gN |Φ0(r)|2 = µ − 12m
∑
j ω
2
j r
2
j in the ellipsoidal volume
where
∑
j ω
2
j r
2
j < 2µ and is zero elsewhere. Here we
adopt a hybrid approach that does not neglect any term
in Eq. (1): we define an interaction chemical potential
µint that defines the edge of the inverse parabolic shape of
the wave function and at the same time approximate the
wave function as a Gaussian Φ0(r) ∝ exp[−
∑
j r
2
j/4σ
2
j ]
for estimating the kinetic term in Eq. (1), namely
− h¯
2
2m
∇2Φ0 ≈
∑
j
h¯2
4mσ2j
(
1− 1
2
r2j
σ2j
)
Φ0. (2)
This term, which is completely neglected in the standard
TF approximation, provides a way to tailor between the
strong and weak interaction limits. The rationale of this
hybrid assumption where the wave function is taken to
be Gaussian for approximating the kinetic term and an
inverse parabola for approximating the interaction term
is that in the non-interacting limit the wave function is
indeed a Gaussian and the interaction term is small com-
pared to the kinetic term, while in the strong interaction
limit the kinetic term is negligible and the wave function
is indeed an inverse parabola. By taking this approxi-
mation in the range of intermediate interaction strength
we tailor the two limits. As we demonstrate below, this
provides a good approximation for the chemical potential
and the wave-packet size, regardless of the exact shape
of the wave function.
By substituting Eq. (2) into Eq. (1) we obtain
gN |Φ0(r)|2 ≈ max
µint − 12m∑
j
ω˜2j r
2
j , 0
 , (3)
where max{x, 0} ≡ xθ(x) (x unless x < 0) and where
ω˜2j = ω
2
j − ν2j , νj =
h¯
2mσ2j
(4)
and µint = µ − 12 h¯
∑
j νj is the total chemical potential
minus the kinetic energy at rj = 0.
In order for the Gaussian widths σj in Eq. (2) to be
meaningful for the inverse parabolic interaction terms of
Eq. (3) we identify them with the square roots of the
variances 〈r2j 〉. For the interaction term in Eq. (3) these
variances are given by
σ2j =
∫
d3r r2j |Φ0(r)|2 =
1
7
r2j,max =
1
7
2µint
mω˜2j
. (5)
In the TF limit, whre σj  `j , where `j =
√
h¯/2mωj
are the single-particle harmonic oscillator widths, the
kinetic energy terms are indeed small and µint → µ,
ω˜j → ωj . On the other hand, in the limit of no interac-
tion (gNΦ0|2 → 0) the size of the wave-packet is given
by σ2j = h¯/2mωj , such that ω˜
2
j → 0 and µint → 0, while
the ratio µint/ω˜
2
j becomes constant.
The interaction chemical potential µint and the widths
σj are determined self-consistently by using the normal-
ization condition | ∫ d3r |Φ0(r)|2 = 1. This condition to-
gether with Eq. (3) yields the relation
µint =
7
2
mω˜2jσ
2
j = h¯Ω˜
(
15asN
8˜`
)2/5
, (6)
where Ω˜ ≡
(∏
j ω˜j
)1/3
is the geometric mean of the
modified frequencies, and ˜` =
√
h¯/2mΩ˜ is the harmonic
length associated with this mean. Note that Eq. (6)
should hold self-consistently for each j = 1, 2, 3 in its
middle term. Eq. (6) must have a self-consistent solu-
tion because it has simple solutions in the two interaction
limits. In the standard TF limit ω˜j → ωj and Eq. (6)
reduces to the usual closed form of the TF formula with√
7σj = rj,max being the distance of the cloud’s edges
from the center. However, in general ω˜j depend on σj
and reduces to zero in the non-interacting limit together
with µint, while σj → `j .
In order to assess the validity of the generalized
Thomas-Fermi (GTF) approximation, we present in
Fig. 1 a comparison to the numerical solution of the
Gross-Pitaevskii equation (GPE). The GTF approxima-
tion is in excellent agreement with the GPE solution over
the whole range between the standard TF regime (large
atom number N , dominant interaction energy) and the
weak interaction limit in what regards the wave-packet
width and the chemical potential. The GTF approxima-
tion does not provide a prediction about the shape of
the wave function so that we present in the inset a com-
parison between the two limits of the wave-packet shape
compared to the shape obtained from the GPE. In the
case of weak interaction (N = 100) the shape is closer to
4FIG. 1. Generalized Thomas-Fermi (GTF) approximation for
the ground state in a harmonic trap: comparison of GTF
with a numerical solution o f GPE and with standard TF
approximation. GTF is shown to be valid over the whole
range of atom-atom interaction strengths. (a) Wave func-
tion widths σ‖ (blue) and σ⊥ (red) as a function of atom
number for 87Rb atoms (mass m = 1.44 · 10−25 kg, s-wave
scattering length as = 5.29 nm) in a cylindrically symmet-
ric harmonic trap with frequencies ω‖ = 2pi × 40 Hz and
ω⊥ = 2pi × 100 Hz. GTF agrees well with GPE over all the
range while standard TF fails at low density. Inset: probabil-
ity density profiles |Φ0(x, 0, 0)|2 along the longitudinal trap
axis: GPE result (solid) compared to an inverse parabolic
[Eq. (3), dashed] and Gaussian (dashed-dotted) profiles. For
N = 100 (blue) the GPE profile is closer to the Gaussian,
while for N = 1000 (red) it lies between the two approximate
profiles. (b) chemical potential due to interaction µint and
kinetic energy µkin =
1
2
h¯
∑
j νj . The total chemical potential
µtot = µint+µkin according to GTF shows excellent agreement
with GPE solution (circles) while the standard TF (dashed
line) agrees only at large N . Inset: potential isosurface and
definition of axes.
the Gaussian approximation of the GTF (dashed-dotted
curve) whereas in the intermediate interaction regime
(N = 1000) the shape obtained from the GPE mediates
FIG. 2. Generalized Thomas-Fermi (GTF) approximation for
a BEC in an elongated trap (ωy = ωz = ω⊥ = 2pi × 10 kHz,
ωx = 2pi × 40 Hz) at zero temperature as a function of atom
number N (for 87Rb as in Fig. 1). The longitudinal cloud
width (a) and the ground state chemical potential (b) result-
ing from a numerical solution of the GPE (circles) agree very
well with the GTF approximation over the whole range and
agree with the 1D TF approximation only for low atom num-
bers, where the transverse wave function is the single parti-
cle Gaussian ground state in the transverse potential. This
demonstrates the validity of the GTF approximation in pre-
dicting the transition from 3D to 1D for a BEC in elongated
traps. The 3D TF approximation is valid only for N be-
yond the range shown. The condensate approximation is valid
throughout the range shown at zero temperature as the γ fac-
tor for transition into the Tonks-Girardeau regime is small.
between the Gaussian shape and the inverse parabolic
shape (dashed curve), all having the same widths σj as
defined in Eq. (5).
An important application of the generalized TF ap-
proximation is the transition from a three-dimensional
(3D) BEC to a quasi-one-dimensional (1D) BEC in an
elongated trap [35, 36]. In the 1D limit the large en-
ergy splitting between transverse eigenmodes of the po-
tential allows scattering only along the longitudinal di-
rection nd hence the atomic dynamics is limited to one
dimension while the wave function in the transverse
direction is fixed at the lowest eigenstate of the har-
monic potential. The dynamics along the longitudinal
axis is then governed by an effective interaction strength
g1D = g/4pi`
2
⊥ = 2h¯ω⊥as [36]. As long as the factor
γ = 2mω⊥/h¯n, where n is the 1D atomic density, is small
(γ  1) the condensate assumption for the many-body
ground state is valid (otherwise a Tonks-Girardeau gas
is formed [36, 37]). As demonstrated in Fig. 2, the GTF
approximation allows a fairly accurate prediction of the
properties of the BEC. over a broad range of parameters
starting with a fully 1D BEC at low atom numbers (weak
interaction) along the transition to a 3D BEC, where the
interaction is strong enough to become dominant in the
5transverse direction.
Note that a better agreement between the accurate GP
solution and the GTF approximation could be reached
by refining the self-consistent eqution (6). The 7 fac-
tor in this equation emerges from the assumption that
as far as the repulsive interaction potential is concerned
the atomic density has an inverse parabolic shape. How-
ever, in the case of a quasi-1D BEC the atomic density
is expected to have an inverse parabolic shape only in
the longitudinal direction, while its transverse shape is
nearly a Gaussian. In this case one would need to replace
the factor 7 (coming from a 3D integral on the inverse
parabolic shape) to a factor 5 (coming from a 1D integral
only along the longitudinal direction). A refinement of
the theory that will hold in the intermediate transition
range between 1D and 3D requires a bit of sophisticated
manipulation that will not be further discussed here.
B. Evolution equations
Suppose that an atomic cloud is initially trapped in a
harmonic potential and then at time t > 0 the potential
changes in time. For example, one may consider switch-
ing off the trapping potential along one or more axes,
changing the harmonic frequencies or applying potential
gradients. Here we treat the atoms in terms of single-
atom wave-packets: a single wave-packet for a BEC, a
mixture of wave-packets for a thermal cloud and two or
more wave-packets for the different interferometer arms
if the initial cloud is coherently split. We parameterize
the wave-packet and derive equations of motion for the
parameters, which are valid as long as the potential varies
smoothly over the volume occupied by the wave-packet.
The wave function of a BEC wave-packet satisfies the
time-dependent GP equation
ih¯
∂ψ
∂t
= HˆGP(t, ψ)ψ, (7)
where
HˆGP(t, ψ) = − h¯
2
2m
∇2 + V (r, t) + ηgN |ψ|2, (8)
and η(t)N is the number of atoms in the wave-packet at
any time. This number might change in time in different
interferometric situations. For example, if a wave-packet
is split into two wave-packets with an equal number of
particles then after they spatially separate each one of
them has N/2 particles and hence the strength of the in-
teraction term reduces by a factor η = 1/2. When treat-
ing a thermal cloud where atom-atom interactions are
negligible, the interaction term in Eq. (8) vanishes and
Eq. (7) turns into a Schro¨dinger equation, while ψ(r, t)
may represent an arbitrary wave-packet in the mixture
of wave-packets contained in the cloud. A partially Bose-
condensed atomic cloud at finite temperature is beyond
the scope of this work.
First we consider the classical motion of the center of
the wave-packet R(t), which evolves according to New-
ton’s equations of motion mR¨ = −∇V (R, t). As is well
known, as long as the external potential V (r, t) can be
represented by a quadratic form, the evolution of the
center-of-mass coordinates of a many-particle system can
be separated from the evolution of the internal degrees
of freedom of the system [34]. We can write the wave
function as
ψ(r, t) = ei[P·(r−R)+S(t)]/h¯Φ(r−R, t), (9)
where P = mR˙. By substituting this form in the evolu-
tion equation (7) we obtain the usual expression for the
action s as an integral over the local Lagrangian
S =
∫ t
0
dt′
[
1
2m
P(t′)2 − V (R(t′), t′)
]
, (10)
and the equaton for Φ(r −R) in the center-of-mass co-
ordinates becomes
ih¯
∂Φ
∂t
= [H(t,Φ)− V (R)− (r−R) · ∇V (R)]Φ, (11)
such that the values of the potential and its gradient at
the central point r = R are eliminated. In this mov-
ing frame of reference we approximate the potential as
quadratic (the next order in the Taylor series around
r = R) in a volume occupied by the wave-packet
Vc(r−R, t) ≈ 1
2
∑
j
Qj(t)(rj −Rj)2, (12)
where the quadratic potential has its axes aligned along
the same axes of the initial trap, while the more gen-
eral case of rotating axes is left for another work (see
Ref. [33]). From here on we transform into the center-of-
mass coordinate system r−R→ r.
Under the smoothness condition (12) we can make the
ansatz
Φ(r, t) =
1√
λ1λ2λ3
Φ0
(
x
λ1
,
y
λ2
,
z
λ3
)
ei(
∑
j αjr
2
j+ϕ),
(13)
where Φ0 is the wave function at time t = 0 that satisfied
Eq. (1), and αj , λj and ϕ are time dependent and will be
found below. The ansatz (13) was first used for the evolu-
tion of a BEC by Castin and Dum [31] and used by many
authors since [33]. Here we will derive the equations for
the parameters that are valid for all the range of interac-
tion strengths discussed above in Section II A, including
also higher modes of the harmonic potential in the initial
trap in the non-interacting case. Such solutions for the
latter case can serve as a part of the estimation of inter-
ferometric performance of an initial thermal distribution
rather than a BEC.
By substituting the ansatz (13) into the left-hand side
6of Eq. (7) and in the kinetic term we obtain
i
Φ
∂Φ
∂t
= −
∑
j
(
i
λ˙j
2λj
+
irj λ˙j
λj
2
∂jΦ0
Φ0
+ α˙jr
2
j
)
− ϕ˙.(14)
− h¯
2m
∇2Φ
Φ
= − h¯
2m
∑
j
[
1
λ2j
∂2jΦ0
Φ0
+
4iαjrj
λj
∂jΦ0
Φ0
+2(iαj − 2α2jr2j )
]
, (15)
where ∂j denotes differentiation with respect to the ar-
gument rj/λj of the function Φ0. By equating the terms
proportional to rj∂jΦ0 in the two equations we obtain
αj =
m
2h¯
λ˙j
λj
. (16)
In the absence of interactions, where the initial state is
a harmonic oscillator eigenstate separable into its Carte-
sian components, we may replace −(h¯2/2m)∂2jΦ0/Φ0 =
h¯ωj(nj+1/2)− 12mω2j (rj/λj)2, where nj is the eigenstate
number. In the case of a BEC with atom-atom interac-
tions we use the generalized TF approach and replace the
first term in Eq. (15) by the expression in Eq. (2) with
rj → rj/λj (which coincides with the expression for non-
interacting atoms in the ground state nj = 0). Similarly,
we replace the interaction term in Eq. (8) by the expres-
sion in Eq. (3). By collecting the terms proportional to
r2j we obtain
α˙j =
h¯2
8mσ4jλ
4
j
+
m
2h¯
ω˜2j
λ1λ2λ3λ2j
− 2h¯
m
α2j −
1
2h¯
Qj
As α˙j = (m/2/h¯)λ¨j/λj−(2h¯/m)α2j according to Eq. (16),
we obtain a differential equation for λj
λ¨j =
ν2j
λ3j
+ η
ω˜2j
λjλ1λ2λ3
− Qj
m
λj (17)
where the coefficients νj and ω˜j are defined in Eq. (4)
above. The first term in the right-hand side of Eq. (17)
is responsible for wave-packet expansion due to position-
momentum uncertainty, the second term is responsible
for expansion due to the collisional repulsive force, and
the third term is the external harmonic force (negative
for Qj > 0 and positive for Qj < 0). In the absence of
interactions
nuj → ωj and ω˜j → 0, such that the second term van-
ishes. In the opposite TF limit ω˜j → ωj and νj → 0, such
that the first term in Eq. (17) vanishes and we reproduce
the result of the time-dependent TF approximation [31].
Finally by collecting the remaining terms in Eqs. (14)
and (15), which do not depend on the coordinates, to-
gether with the coordinate independent of the interaction
term in Eq. (8) we find
ϕ˙ = − 1
h¯
 ηµint
λ1λ2λ3
+
∑
j
h¯νj
λ2j
(
nj +
1
2
) , (18)
where the first term represents the mean-field effective
chemical potential of a single atom under the influence of
all other atoms, whose density is decreasing with the λ’s,
while the second term represents the kinetic energy, with
nj corresponding to the mode numbers in the case where
the initial state is an eigenstate of a harmonic oscillator,
and nj = 0 in the case where the initial state is the
ground state of either an interacting or non-interacting
system of atoms.
C. Solutions for some simple situations
One of the simplest examples of wave-packet dynamics
is free expansion [Qj = 0 for t > 0 in Eq. (17)], when
either the interactions are negligible (ω˜j → 0 and νj →
ωj), or when the interactions are dominant but the initial
trap is cylindrically symmetric and elongated (ωx  ω⊥,
where ω⊥ ≡ ωy = ωz). In the latter case for short enough
times the expansion along the slow axis is negligible (λ1 ≈
1) and the first and second terms in Eq. (17) merge to
(ν2⊥ + ω˜
2
⊥)/λ
3
⊥ = ω
2
⊥/λ
3
⊥. Both for free expansion of a
non-interacting cloud (at any temperature) and for the
expansion along the fast axis (j = 2, 3) of a BEC we
obtain for the relevant axes
λj(t) =
√
1 + ω2j t
2. (19)
A more specific scenario that may occur in atomic in-
terferometry is an initially trapped BEC in a cylindrical
trap (transverse frequency ω⊥) that is released from the
trap and allowed to freely expand for some time t0 until
its size is scaled by λ⊥(t0) ≡ λ0 and its rate of expansion
is λ˙⊥(t0) = ω2⊥t0/λ0 ≡ λ˙0. Then the BEC is split into
two wave-packets, each of them having η = 1/2 of the
initial number of particles. In this case the expansion of
each of the wave-packets continues with a reduced rate,
ω2⊥ → ηω˜2⊥ + ν2⊥. The solution for the expansion as a
function of the time t since the splitting time t0 is then
given by
λ⊥(t) =
√
(λ0 + λ˙0t)2 + λ
−2
0 (ηω˜
2
⊥ + ν
2
⊥)t2. (20)
A simple case of this expansion, where we take the TF
limit ω˜ → ω and ignore the initial expansion time t0, so
that λ⊥ ≈
√
1 + ηω2⊥t2, will be taken as a test case for
phase diffusion in Section IV.
Next, we study the process of momentum splitting
into a waveguide and compare the results of the wave-
packet propagation model to the results of a numeri-
cal GP calculation. We start by studying the splitting
process itself (Fig. 3) and then examine the long time
evolution after splitting (Fig. 4). We consider a BEC
prepared in a cylindrical trap with the same parame-
ters of Fig. 1. The longitudinal potential is ramped
down quickly to form a waveguide potential. Then
quick Bragg pulses imprint a sinusoidal density grating
that represents a superposition of two opposite momenta
7±2h¯k, where k is the wave-vector of the Bragg laser.
Here we ignore the specific atom-light interaction scheme
and take it as a black box generating a transformation
ψ0(r) → ψ0(r)[e2ikx + e−2ikx]/
√
2. This causes a sep-
aration of the two wave-packets, which propagate with
velocities ±2h¯k/m. The atomic density within the in-
terference fringe pattern that exists at the overlap re-
gion between the two wave-packets before they separate
is responsible for an enhanced collisional repulsion force
along the transverse directions, which is larger than what
would be expected if the density was uniform along xˆ. We
therefore model the time-dependent repulsion strength in
the transverse and longitudinal directions by two differ-
ent time-dependent atomic fraction factors η in Eq. (17),
such that the transverse effective fraction η⊥ just after
the splitting is larger than 1, while the effective fac-
tor ηx in the longitudinal direction is smaller than 1.
Then during the separation the effective factors reduce
until they reach ηj = ηsep = 1/2 when the two wave-
packets completely separate so that each of them acts
as an independent wave-packet with half the original
number of atoms. Our simple model for these factors
ηj(t) = ηsep + δηje
−(t/τ)2 is shown in Fig. 3 to provide a
good agreement with the GP calculation (see caption for
the parameter values). The transverse size of the BEC
first grows due to the enhanced repulsive force in this
direction but then it shrinks due to the reduced effective
repulsive potential relative to the initial repulsive force
(with η = 1) that balanced the confining harmonic po-
tential.
The subsequent evolution after full separation is char-
acterized by expansion in the longitudinal direction along
the waveguide and oscillations of the cloud size in the
transverse direction, as demonstrated in Fig. 4. To un-
derstand the oscillations of λ⊥ in the waveguide poten-
tial, let us examine Eq. (17) in the case where evolution
along the longitudinal axis is much slower than the evo-
lution along the radial axis. In this case the equations of
motion for λ⊥ can be written as
λ¨⊥ =
(
ν2⊥ + ω˜
2
⊥
η
λx
)
1
λ3⊥
− ω2⊥λ⊥, (21)
where λx(t) is assumed to vary on a time scale that is
much longer than the time scale determined by the fre-
quency ω⊥. In this case Eq. (21) is equivalent to the
classical equation of motion for a massive particle in a
potential V (q) = a/q2 + 12mω
2q2. This potential has
a minimum at q40 = 2a/mω
2 and the frequency at the
bottom of the potential is ω20 = ∂
2V/∂q2
∣∣
q=q0
/m =
6a/mq40 + ω
2 = 4ω2. It follows that the oscillations of
λ⊥ have a frequency that is twice the trap frequency and
their center is given by
λ¯⊥ =
[(
(ν⊥
ω⊥
)2
+
(
ω˜⊥
ω⊥
)2
η
λx
]1/4
≈
(
η
λx
)1/4
, (22)
with the right expression valid in the case where the guid-
ing frequency is the same as before release and splitting
FIG. 3. Cloud sizes (scaling factors) after momentum split-
ting of a BEC in a waveguide: comparison between Gross-
Pitaevskii (GPE) and the wave-packet propagation (wpp)
method of this work. A BEC of N = 104 atoms is pre-
pared in a cylindrical trap with (ωx, ω⊥) = 2pi × (40, 100) Hz
(same parameters as in Fig. 1). The longitudinal frequency
is then switched off to form a waveguide potential along
x and Bragg pulses create a superposition of two oppo-
site momenta ±2h¯k, where k = 2pi × 1µm−1, such that
ψ0(r) → ψ0(r)(e2ikx + e−2ikx)/
√
2. Consequently the two
wave-packets start to separate while maintaining a fringe pat-
tern in the overlap region (inset showing the wave-packets
at t = 0.5 ms). The wave-packets have a longitudinal ex-
tent of ±xmax ≈ ±8.5µm, corresponding to full separation
at t = xmax/(2h¯k/m) ≈ 0.92 ms. The effective atom-atom
repulsion in Eq. (17) is modeled by two effective fraction fac-
tors ηj(t) = ηsep +δηje
−(t/τ)2 , where ηsep = 1/2 is the atomic
fraction after separation whereas δηx = 0.243, δη⊥ = 0.956
and τ = 0.4 ms are optimized to best fit the results of the
GPE. This takes into account the enhanced transverse repul-
sion just after splitting and then the reduced repulsion during
separation, causing the shrinking of the transverse cloud size
σ⊥(t) = λ⊥(t)σ⊥(0) (see text for more details).
and when the TF approximation is valid for the radial
axis. In this last case the equation for the longitudinal
scaling becomes λ¨x ≈ ηωx(0)2/λ¯2⊥λ2x =
√
ηωx(0)
2/λ
3/2
x .
By analogy to a classical mass in a potential V (q) =
2a/
√
q, where a = 2
√
ηωx(0)
2, we find that after a long
time t  ωx(0)−1 the longitudinal cloud size expands
with a constant rate λ˙x = 2η
1/4ωx(0). The shrinking of
the cloud size in the transverse direction continues until it
reaches the uncertainty limit where σ⊥(t) = σ⊥(0)λ¯⊥ →√
hbar/2mω⊥, as can be verified from Eq. (22).
The long-time dynamics of split wave-packet expansion
into a waveguide is demonstrated in Fig. 4 for the same
parameters that were used in Fig. 3, except that here we
ignore the details of the splitting process at short times
and set η = 1/2 for t > 0. These details are found
to have a small effect on the evolution at long times
t mσx/2h¯k. We also examine the effect of trap release
8FIG. 4. Long-time cloud size evolution during release, split-
ting and expansion into a matter-waveguide. The proce-
dure and parameters are as in Fig. 3, except that the lon-
gitudinal trapping potential is ramped down gradually as
ωx(t) = ωx(0)e
−t/τr and the splitting is performed at t0 =
2τr. (a) The transverse scaling factor λ⊥(t) = σ⊥(t)/σ⊥(0)
(for τr = 1 ms) oscillates due to the sudden decrease of
the atom-atom repulsive force by a factor of 2 after split-
ting. The oscillation with frequency 2ω⊥ is around λ¯⊥ given
by Eq. (22) (dashed line). (b) Longitudinal scaling factor
λx(t) = σx(t)/σx(0) for different release times. The asymp-
totic expansion rate is inversely proportional to the initial
cloud size and therefore it reduces when the cloud is allowed
to expand slowly within a time τr before full release. For
abrupt release (ωxτr  1) the asymptotic expansion rate is
expected to be λ˙x ∼ 0.42 ms−1 and found to be 80% of this
value for τr = 1 ms and less for longer release times, approach-
ing λ˙x ∼ 1/τr for ωxτr  1. The long-time evolution is not
sensitive to the spiltting parameters δηj of Fig. 3 so we have
set them to zero (i.e., η = 1/2 for t > t0). See section IV and
Fig. 6 for implications of this evolution.
time τr on the expansion dynamics. The longitudinal fre-
quency is ramped down as ωx(t) = ωx(0)e
−t/τr and the
splitting is performed at t = t0 = 2τr. The asymptotic
longitudinal expansion rate is proportional to the initial
longitudinal trap frequency if τr < ω
−1
x and to the inverse
of the release time τ−1r if the release time is longer than
the initial trap period. These results have significant im-
plications on phase diffusion determining the coherence
of the interferometry, as we discuss in Section IV.
Before concluding this section we note that calcula-
tions of BEC splitting in a waveguide have already been
done in the past [27, 29]. These calculations, which in-
volved a comparison between a GP calculation and two
limits of atom-atom interaction: TF approximation and
perturbation theory, aimed at understanding an experi-
ment where the longitudinal potential was not turned off
so that the atomic clouds moved in a harmonic poten-
tial [6, 7]. Our method is suitable for efficient calcula-
tions of dynamics in an interferometer in a broad range
of possible applications such as a Sagnac interferometer
in a ring waveguide in all interaction regimes including a
non-interacting thermal cloud or a BEC in either the TF
limit or weak interactions.
III. COHERENCE OF A SPATIAL TWO-STATE
INTERFEROMETER
In many interferometric schemes the particles traveling
along the two arms have two orthogonal internal states.
For example, the beam splitters in the Ramsey-Borde´ [3]
and Kasevich-Chu [? ] configurations are based on en-
tanglement between the internal state of the atoms and
the momentum transferred to the atoms by the laser
beams. An archetype of such an interferometric scheme,
which was envisioned in the early days of quantum me-
chanics is based on the Stern-Gerlach effect and uses a
superposition of an atom in two spin states for splitting
it into two paths [14, 17]. In contrast to interferometers
based on the double-slit scheme, where spatial interfer-
ence fringes are observed directly, this kind of interfer-
ometer has the advantage that it may reveal the phase
difference accumulated along the two paths even if the in-
terference fringes cannot be observed (for example, due to
limited optical imaging resolution) and the signal is the
internal state: spin orientation or population if an ap-
propriate internal rotation is applied, such as in a Ram-
sey scheme. The challenge of such interferometry, and
specifically that of the final rebombining beam splitter,
is to bring the two wave-packets at the recombination
beam-splitter accurately to the same position and mo-
mentum so that the two arms are distinguishable only by
the internal state. In the framework of the Stern-Gerlach
interferometer (SGI), erasing the entanglement between
the spatial degrees of freedom and the internal degrees
of freedom was considered to be a very difficult task that
requires accurate manipulation of magnetic fields that
can be hardly achieved by macroscopic experimental de-
vices [20–22] (so called the “Humpty-Dumpty effect”).
While matter-wave interferometers based on Raman or
Bragg momentum transitions utilize the high momentum
accuracy of laser pulses, which is independent of the laser
intensity and pulse duration, it is still interesting to inves-
tigate the performance of Stern-Gerlach interferometers
utilizing current technologies such as atom chips [14, 17].
While the original theoretical works [20–22] that investi-
gated the required accuracy of such interferometers used
simplified models for the calculation, a more recent work
has investigated this effect more thoroughly in the con-
text of light-pulse interferometers [23]. Here we develop
a more general theory based on the general method of
wave-packet evolution presented in Sec. II. This theory
will be relevant to non-interacting thermal atomic clouds
as well as BEC clouds with any strength of atom-atom in-
teraction, provided that the interactions during splitting
and recombination can be absorbed into parameters of
the theory as in the example given in Fig. 3. The theory
will enable practical calculation of interferometric perfor-
9mance in systems such as the SG interferometers recently
realized [15–17], but also for other spatial interferometers
involving transfer into different internal atomic states or
momentum transfer within the same internal state, such
as in Bragg light pulses, as we show below.
Let us consider the state of the interferometer just be-
fore the final recombination step (pi/2, Raman or Bragg
pulse) as given by a superposition of two wave-packets
ψ1(r, t) and ψ2(r, t) with corresponding central phases
φ1 and φ2 accumulated during the propagation along the
two arms, such that the two wave-packets are distinguish-
able by their corresponding internal states |1〉 and |2〉.
The total wave function is then
|ψ(t)〉 = 1√
2
[
ψ1(r, t)e
iφ1 |1〉+ ψ2(r, t)eiφ2 |2〉
]
. (23)
In the case of a SGI the states |1〉 and |2〉 represent
two spin states, while in the case of a Ramsey-Borde´ or
Raman interferometer they may represent two hyperfine
states attached to an accurate momentum state induced
by the two arms. The final recombination is done by
projecting the state into a superposition (|1〉 + |2〉)/√2,
which may be implemented by performing a pi/2 pulse
and then probing the population in an internal eigen-
state. The result of this operation is the population (or
probability)
P =
1
2
[1 + V cos(φ1 − φ2 + δϕ)] , (24)
where we have assumed that the wave-packets are nor-
malized (
∫
d3r |ψj |2 = 1). The visibility V and additional
phase is given by
V e−iδϕ ≡ 〈ψ1|ψ2〉 ≡
∫
d3rψ∗1(r, t)ψ2(r, t). (25)
Note that the same result is obtained for an interfer-
ometer that involves Bragg momentum transfer within a
single internal atomic state, as the wave function before
the final Bragg pulse can be written as ψ1e
i(k1·r+φ1) +
ψ2e
i(k2·r+φ2) and the Bragg pulse performs a momentum
transition ∆k = ±(k1 − k2) which mixes between the
two momentum states, followed by a selection of one fi-
nal momentum state, which is equivalent to the internal
state projection considered here.
The reduction of visibility due to imperfect overlap
[Eq. (25)] occurs if the two wave-packets are displaced
in position or momentum or if they differ in size or in
the internal spatially dependent phase. Here we will pro-
vide an explicit expression for this overlap integral in the
special case where the wave-packets at the recombina-
tion time have the same size in position and momentum
space but differ in their central position or momentum.
The expressions that were derived in previous theoreti-
cal studies [20–22] were based on a Gaussian wave-packet
approximation and neglected wave-packet expansion and
assumed that the target output wave-packets are similar
to the wave-packet at the input port. Here we gener-
alize the treatment to BEC or thermal clouds with an
arbitrary target wave function. Within the wave-packet
evolution theory of Section II one can also treat the sit-
uation where the two wave-packets have different sizes,
but here we do not explicitly derive expressions for this
case, which are expected to be more cumbersome.
Note that the overlap integral in Eq. (25) is time-
independent as long as the wave-packets evolve in free
space or under the influence of internal state-independent
potential. This kind of evolution may be represented by
the action of a state-independent unitary evolution oper-
ator Uˆ , such that ψj(r, t + τ) = Uˆ(τ)ψ(r, t), so that in
Eq. (25)
〈ψ∗1(t+τ)|ψ2(t+τ)〉 = 〈ψ∗1(t)|Uˆ†Uˆ |ψ2(t)〉 = 〈ψ∗1(t)|ψ2(t)〉.
(26)
This implies that in such an interferometer, where the
two paths are combined in position and momentum be-
fore internal state projection, the result of measurement
does not depend on the time of this projection and the
overlap integral may be evaluated at any time. This does
not apply when the projection operation itself involves
the spatial degrees of freedom as in beam splitters in-
volving Raman or Bragg transitions.
Let us consider the overlap integral between two wave
functions having the form of Eqs. (9) and (13) with dif-
ferent positions of the center coodrdinates (differing by
δR = R1−R2) and momenta (differing by δP = P1−P2)
but with the same initial wave function Φ0 at t = 0 and
the same phase curvatures αj(t) and scaling factors λj(t)
〈ψ1|ψ2〉 = e−iδϕ
∫
d3x e−iδP¯·x/h¯Φ0(x−1
2
δX)Φ0(x+
1
2
δX),
(27)
where we have transformed the integration coordinates
to the scaled coordinates xj = (rj − Rj)/λj centered at
the center of mass R = 12 (R1 + R2) of the two wave-
packets. The normalized center-to-center displacement
and the scaled effective momentum difference are
δXj = δRj/λj δP¯j = λjδPj −mλ˙jδRj . (28)
Note that Eq. (27) has the same form as Eq. (12) of
Ref. [23], except that here we give the explicit scaling of
the effective momentum and position displacement with
the scaling factors λj , which are relevant to wave-packet
dynamics with or without non-linear atom-atom interac-
tions, as derived in Section II above.
The additional phase difference in Eq. (27), beyond
the phases φ1 and φ2 that are related to the wave-packet
trajectories (φa = Sa/h¯ for a = 1, 2), is
δϕ = ϕ1 − ϕ2 −P · δR/h¯, (29)
where ϕa (for a = 1, 2) is given by Eq. (18) for each wave-
packet and P = 12 (P1+P2) is the center-of-mass momen-
tum of the two wave-packets. It contains the propagation
phase difference due to the motion of the wave-packets’
center coordinates, the internal phase difference, and a
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phase difference due to the displacement of the two wave-
packet centers. The last term of the phase difference
satisfies the requirement of invariance under free-space
evolution, where δS(τ) = (P 21 − P 22 )τ/2m = P · δvτ , is
exactly opposite to the change of −P · δR over the time
τ .
If the two wave-packets are displaced only by mo-
mentum (δR = 0) then the visibility in Eq. (27) is
nothing but a Fourier transform of the probability den-
sity of the initial wave function |Φ0(x), such that if
the widths of the spatial density |Φ0(x)|2 are σj we
have V ≈ exp
(
− 12
∑
j(λjσjδPj/h¯)
2
)
. If, on the other
hand, the two wave-packets are only displaced in posi-
tion and have a minimal wave-packet size at the time
of recombination (δP = 0, λ˙j = 0), then the visibil-
ity is V ≈ exp
(
− 12
∑
j(δRj/2σjλj)
2
)
. In the more
general case of both position and momentum displace-
ment we apply the principle of conservation of over-
lap of Eq. (26) and operate on both wave functions
Φ±(x) = e±iδP¯·x/2h¯Φ0(x ± δX/2) with a unitary trans-
formation Uˆ(θ) =
∏
j exp{−iθj [(σj pˆj/h¯)2 + (xˆj/2σj)2]},
where pˆj are the momentum operators conjugate to the
position operators xˆj . The operation of Uˆ is a phase
space rotation induced by a Hamiltonian of a harmonic
oscillator with frequencies νj = h¯/2mσ
2
j [see Eq. (4)]. As
a unitary operation this rotation should not change the
overlap integral, as shown in Eq. (26). We then choose θj
such that δXj → cos θjδXj − sin θjδP¯j/mνj = 0, while
δP¯j → cos θjP¯j+mνj sin θjδXj =
√
δP¯ 2j + (h¯δXj/2σ
2
j )
2.
After this transformation the visibility in Eq. (27) re-
duces to a Fourier transform of the initial density, but
this time with the transformed scaled momentum. This
is a general result that is exact for any initial wave-
packet shape that satisfies the scaling approximation of
Section II. In the Gaussian approximation we therefore
obtain
V = e−
1
2
∑3
j=1[(σjδP¯/h¯)
2+(δXj/2σj)
2] (30)
with δXj and δP¯j defined above in Eq. (28).
Now let us consider a more general initial state: a
mixed state that can be represented by a density matrix
ρ0(r, r
′) =
∑
n
WnΦn(r)Φ
∗
n(r
′), (31)
where Wn are weights of the different wave functions.
The interferometric process splits each wave function into
a superposition Φn → 1√2 (ψ
(1)
n + ψ
(2)
n ), where ψ
(l)
n (r, t =
0) = Φn(r) for (l = 1, 2) but then change in time inde-
pendently for some time until the recombination of the
two beams. The final density is then given by
nf (r) = ρf (r, r) =
1
2
(ρ11f + ρ
22
f + ρ
12
f + ρ
21
f ), (32)
where the visibility is given by the magnitude of the two
last terms, namely
V =
∣∣∣∣∫ d3r ρ12f (r, r)∣∣∣∣ =
∣∣∣∣∣∑
n
WnVne
iδϕn
∣∣∣∣∣ , (33)
where
Vne
iδϕn =
∫
d3rψ(1)n (r, tf )ψ
(2)∗
n (r, tf ). (34)
As above, we assume that the initial wave functions Φn
are the eigenstates of an initial harmonic oscillator poten-
tial (where n is to be understood as a vector (n1, n2, n3)
along the potential axes). This assumption, together
with the simplifying assumption that the evolution of
the scaling factors λj is the same for both interferome-
ter arms, leads to the simple result that the phases δϕn
do not depend on n and the visibility can be taken sim-
ply as V =
∑
nWnVn. Under these assumptions we can
generalize Eq. (27) together with the phase space trans-
formation leading to Eq. (30) to obtain
V =
∫
d3x ei
∑
j
√
δP¯ 2j +(h¯δXj/4σ
2
j )
2xj/h¯ρ0(x,x). (35)
Then if we take the initial atomic cloud in the trap to
have a Gaussian shape with widths ∆j along the three
trap axes we obtain by making the Fourier transform of
the cloud density ρ0(x,x)
V = exp
−1
2
3∑
j=1
[
(∆jδP¯ /h¯)
2 + (δXj/lj)
2
] , (36)
where lj = 2σ
2
j /∆j = h¯/∆pj is a coherence length equal
to the inverse of the momentum width of the atomic cloud
in the trap.
In Fig. 5 we use the above equations to calculate the
spin coherence (visibility) of a Stern-Gerlach interferom-
eter when the recombination of the wave-packets that
were initially split by a gradient pulse is not accurate.
The interferometer sequence consists of four consecutive
gradient pulses of the same duration (see caption for pa-
rameters) and inaccurate recombination is simulated by
changing the duration of the last two pulses symmetri-
cally or antisymmetrically. For this interferometer se-
quence, the ratio between the contributions of position
mismatch and momentum mismatch to the reduction of
visibility is (σzδP¯z/h¯)/(δZ/2σz) ∼ ωzT/2, where ωz is
the trap frequency in the z (splitting) direction and T is
the pulse duration. For the parameters of this example
ωzT  1 such that the interferometer is much sensitive
to momentum mismatch.
The example presented in Fig. 5 does not demonstrate
the full novelty of the theory presented here and simi-
lar results could be obtained by methods presented in
Ref. [23], which treats either Gaussian wave-packets or
BEC in the time-dependent TF approximation. These
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FIG. 5. Spin coherence in a Stern-Gerlach interferometer as
a function of recombination imperfections. N = 104 atoms
are prepared in a trap with the same parameters as in Fig. 1
(longitudinal axis along xˆ). 1 ms after turning off the trap
the atoms are transferred by a pi/2 pulse into an equal super-
position of two spin states and immediately split by a field
gradient in the zˆ direction (direction of gravity) that imposes
opposite accelerations ±a = ±103m˙/s2 for a time duration
T1 = 0.1 ms. Three additional gradient pulses with durations
T2, T3 and T4 follow immediately after the splitting pulse,
with the second and third pulses being opposite to the first
and fourth, causing stopping, reverse acceleration and then
stopping. The trajectories of the wave-packet centers of the
two spin states (inset) terminate ideally in the same position
and momentum if all pulses have equal strength and duration.
A symmetric change of the two last pulses (∆T3 = ∆T4)
causes a final relative position change δZ ≈ 4a∆T3T1 with
zero relative momentum difference (δPz = 0), while an anti-
symmetric change (∆T3 = −∆T4) causes a momentum differ-
ence δPz = 4a∆T3m as well, leading to a more drastic reduc-
tion of visibility. Thermal atoms (dashed lines, T = 100 nK,
cloud size ∆z = 12.4µm, cohdrence length lz = 94 nm)
are more sensitive to imperfections than a BEC (solid lines,
σz = 1.34µm). By the time of interrogation (about 1.4 ms
after trap release) the cloud expands by a factor λz ≈ 1.33
and the rate of expansion λ˙z ≈ 0.4 ms−1 in Eq. (28) is signif-
icantly mix the position and momentum terms in Eqs. (30)
and (36), such that the assumptions of the old theory of spin
decoherence protect[20–22] becomes quantitatively invalid.
approximations for the thermal state or a BEC, respec-
tively, are quite suitable for the present example. How-
ever, we emphasize that our treatment has the advantage
that it unifies both cases into the same formalism and
enables practical and easy predictions for the intermedi-
ate case where the atomic cloud does not satisfy the TF
approximation. In addition, we provid a general simple
expression [Eq. (36)] that permits an estimation of inter-
ferometric contrast based on phenomenological lengths:
cloud size and coherence length.
At the end of this section let us note that the law of
conservation of visibility [Eq. (26)] can be explicitly veri-
fied for the visibility in Eqs. (30) and (36) by checking the
time derivative ddt [δP¯
2
j + (mνjδXj)
2] vanishes when the
dynamics of the evolution of δPj , δRj and λj is taken into
account. We find that this conservation explicitly holds
for the case of free evolution and evolution in a quadratic
potential, i.e., when δR˙j = δPj/m, δP˙j = −mω2j δRj and
λ¨j satisfies Eq. (17) with η = 0. However, the conserva-
tion of overlap is not explicitly satisfied in the presence of
collisional interactions (η 6= 0), as our approximation in
Section II does not take into account the interaction be-
tween different wave-packets. This means that the effec-
tive potential is different for the two wave-packets, being
proportional to the atomic density that is different for
the two wave-packets.
IV. PHASE DIFFUSION OF PROPAGATING
WAVE-PACKETS
The question of whether a BEC has a well-defined
phase and how long can its coherence be maintained was
controversial since the realization of atomic BECs and
the first observation of its coherence signal [24, 26, 39].
The main stream of theoretical study of intrinsic static
and dynamic properties of a split BEC in the pres-
ence of atom-atom interactions concentrates on a two-
mode quantized model, which is often called the “Two-
mode Bose-Hubbard model”, which is equivalent un-
der some assumptions to a model of a Josephson junc-
tion. Many theoretical and experimental works used such
a configuration to study tunneling oscillations of two
condensates through a potential barrier [40–48], while
some others also dealt with coherence and its dynam-
ics [25, 28, 29, 49, 50]. While most of these works in-
troduce phenomenological parameters into the two-mode
model, only a few of them attempt to calculate these
parameters from first principles [25, 49, 51]. However,
all of these models use the adiabatic approximation, in
which the spatial wave function of the BEC is in the
ground state, namely, the steady-state solution of the
Gross-Pitaevskii equation.
The dynamics of spiltting an initially trapped BEC
into two completely non-overlapping parts has two dif-
ferent aspects. From the spatial aspect the splitting may
be adiabatic, such that the two BEC parts after split-
ting occupy the lowest energy state (or a steady-state)
of two traps formed after splitting, or it may be non-
adiabatic, such that the two parts continue to evolve or
even propagate in the new potential. From the aspect
of the internal many-body state, the dynamics also de-
pends on the duration of the splitting process, but with
different time scales. In the limit of very slow splitting
the many-body state follows an eigenstate of the many-
particle Hamiltonian, whose eigenstates after full separa-
tion are Fock states (number states) with a fixed number
of particles in each side and no phase relation between
the two BECs. In the other limit of fast splitting the
number of particles in each side after splitting has a bi-
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nomial (or approximately a Poissonian) distribution. As
each number state has a different repulsive energy, each
component in the superposition of many number states
accumulates a different phase so that the total phase be-
comes uncertain and the coherence is lost after some time
of evolution. This effect, which is termed phase diffu-
sion due to atom-atom interaction, is crucial for any kind
of interferometry with a BEC and limits the coherence
time [13, 25, 26, 28, 29, 38, 50]. When splitting with
intermediate duration both phase diffusion and number-
squeezing effects take place [13, 45, 48].
In this section we develop a theory of phase diffusion
in a split BEC for a general case that includes non-
adiabatic evolution during anad after splitting. We start
from the basic many-body theory and develop a practical
method with time-dependent parameters based on the
wave-packet evolution method presented in Section II.
We take into account not only the central phase of each
BEC wave-packet, which is given above in Eq. (18) but
also spatial features of the wave-packets and find that
these features may also affect the rate of phase diffusion.
We then apply the theory to a free-space interferometer
as well as an interferometric scenario of splitting a BEC
into a waveguide where it propagates and expands along
one axis while being confined in the transverse axis.
A. Evolution of the many-particle state
We consider coherent splitting of an N -particle BEC
into two parts: “left” and “right”. We assume that
the splitting is gentle enough such that the two parts
are represented by smooth single-particle wave functions
φL(r, t) and φR(r, t). If the splitting time is short enough
the atom-atom interactions would not have time to af-
fect the spatial shape of the wave function beyond the
usual mean-field effect that can be handled by the GP
equation. However, during subsequent long-time evolu-
tion the wave-packet shape and phase may depend on
the exact number of particles in each side, which is not
exactly N/2 due to number uncertainty. In general, the
many-body wave function has the form
Ψ(r1, . . . , rN , t) =
N∑
k=0
ckΨk,N−k(r1, . . . , rN , t), (37)
where ck the amplitudes for configurations with k par-
ticles in the left and N − k particles in the right side,
and the many-particle wave function of each configura-
tion Ψk,N−k with is in general a solution of the many-
particle problem. If the particle-particle interactions are
not too strong we can use a mean-field approximation
where the configuration wave function is a direct prod-
uct of k single particle “left” wave functions and N − k
“right” wave functions
Ψk,N−k(r1, . . . , rN , t) ≈ e−iχk,N−k(t) ×
×S
{
k∏
l=1
N∏
r=k+1
Φ
(k)
L (rl, t)Φ
(N−k)
R (rr, t)
}
. (38)
Here χk,N−k(t) is a global phase of the configuration, S is
a symmetrization operator for bosons and the wave func-
tions Φ
(k)
L (r, t) and Φ
(N−k)
R (r, t) are the solutions of the
time dependent Gross-Pitaevskii (GP) mean-field equa-
tions for the left and right wave-packets, each being a
BEC with k particles and N − k particles, respectively.
If the right and left wave-packets do not overlap in space
the GP equations read
ih¯
∂Φ
(n)
a
∂t
= Hˆ
(a,n)
GP Φ
(n)
a (r, t),
Hˆ
(a,n)
GP = −
h¯2
2m
∇2 + Va(r, t) + gn|Φ(n)a (r, t)|2, (39)
where here and in what follows n and a are dummy in-
dices representing the number of particles and the inter-
ferometer arms (side) label, respectively. Here n = k for
a = L is the number of particles in the left and n = N−k
for a = R is the number of particles in the right. In the
GP Hamiltonian −h¯2∇2/2m+ Va ≡ H(α)0 are the single-
particle kinetic and potential energies, which may be dif-
ferent for left and right particles, and the last term is
due to the mean-field repulsive atom-atom potential, as
in Eq. (1). At time t = 0, just after splitting, we assume
that Φ
(n)
a (r, t = 0) = Φ
(N/2)
a (r, 0) does not depend on the
number of particles and the wave functions for different n
start to differ only after a long time of propagation. For
example, if the net effect of splitting is to give the ini-
tial wave function Φ0 opposite momentum kicks ±h¯K,
then just after the splitting Φ±(r, 0) = e±iK·rΦ0. De-
pendence on the number of particles in the left and right
(corresponding to −K and +K) starts to develop at long
times.
During the splitting and before the two wave-packets
are completely separate one may need to add another
term to the GP equations [Eq. (39)] to account for the
mutual interaction between the two wave-packets. This
part of the evolution must be treated separately for each
specific situation and may be neglected only in the case
of a quick wave-packet separation or in the other limit of
adiabatic splitting in a double well, where the details of
the splitting process are unimportant as far as the spatial
shape of the wave function is concerned (but are impor-
tant in the many-body aspect [13, 25]). In the latter case
the wave functions Φ
(k)
L and Φ
(N−k)
R for each configura-
tion are the single-particle ground states in each well,
which are the steady-state lowest energy solutions of the
GP equation for any given numbers k,N−k. In this case
the initial state and the history of the splitting process
are not important for the evolution of each configuration
after separation.
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In contrast to the spatial shape of the wave-packets,
the structure of the many-body state, represented by the
coefficients ck in Eq. (37), is sensitive to the details of
the splitting process. In quick splitting these coefficients
represent a binomial number distribution
Pk = |ck|2 = 1
2N
(
N
k
)
(40)
of width ∆n ≈
√
N/2 around k = N/2. In the opposite
limit of very slow splitting, the many-body state follows
adiabatically the ground state and ends up after splitting
with a state where exactly N/2 particles occupy each arm
(ck = δk,N/2 if N is even). In this case no atom is in a
superposition of the two arms and the phase between the
two arms is not defined. In the intermediate case of non-
adiabatic splitting with large N we may approximate the
number distribution as Gaussian such that
ck ≈ (
√
2pi∆n)
−1/2e−(k−N/2)
2/4∆2n . (41)
The configuration phase χk,N−k(t) in Eq. (38) may
be derived from the Schro¨dinger equation for the many-
body state ih¯∂Ψ/∂t = HˆNΨ, where the many-particle
Hamiltonian is
HˆN =
N∑
p=1
[
− h¯
2
2m
∇2p + Vˆ (rp, t) +
∑
q<p
U(rp − rq),
]
(42)
where the external potential Vˆ may depend on inter-
nal degrees of freedom, if attached to the interferom-
eter arms, and U(r − r′) is the inter-particle poten-
tial, which we usually approximate for slow collisions by
U(r− r′) = gδ(r− r′). If we assume no overlap between
ΦL and ΦR then the Schro¨dinger equation yields, when
using Eq. (39) and integrating over all coordinates,
h¯
∂χk,N−k
∂t
= 〈〈HˆN 〉〉(k,N−k) − kµ(k)L − (N − k)µ(N−k)R ,
(43)
so that the rate of change of the configuration phase
χk,N−k is the difference between the many-body energy
expectation value 〈〈HˆN 〉〉 (involving integration over all
N sets of coordinates) for the configuration and the sum
of all single-particle energy expectation values
µ(n)a ≡
∫
d3r [Φ(n)a (r)]
∗Hˆ(a,n)GP Φ
(n)
α (r). (44)
Here we have assumed that the two wave-packets do not
overlap in space so that integrals involving a different
number of left and right wave functions vanish. Note
that in Eq. (43) the single-particle parts of the many-
body Hamiltonian in Eq. (51) cancel with the collisionless
terms following from Hˆ
(a,n)
GP of Eq. (39) and we are left
with
χ˙k,N−k = − g
h¯
∫
d3r
[
k(k − 1)
2
∣∣∣Φ(k)L ∣∣∣4
+
(N − k)(N − k − 1)
2
∣∣∣Φ(N−k)R ∣∣∣4]
= − 1
2h¯
[
kµ
(L,k)
int (t) + (N − k)µ(R,N−k)int (t)
]
,(45)
where µ
(a,n)
int (t) are the interaction potentials of the two
arms [given in terms of the initial chemical potential as
µint(t) = ηµint(0)/λ1λ2λ3 in Eq. (18)]. When comparing
this to the first term (interaction term) of Eq. (18) we
obtain
χk,N−k = −1
2
[
kϕ
(L,k)
int + (N − k)ϕ(R,N−k)int
]
, (46)
where ϕ
(a,n)
int is the interaction part of the single-particle
wave-packet center phase of atoms in the two arms with
corresponding particle numbers. When the global config-
uration phase is added to the single wave-packet phases
the result is a contribution of a number-dependent phase
1
2ϕ
(k)
L and
1
2ϕ
(N−k)
R from each of the wave-packets in the
configuration.
The global configuration phase in Eqs. (45) and
Eq. (46) together with the phase due to the solution
of the mean-field equations for the single-particle wave
functions Φ
(n)
a in the configuration sums up to an inter-
action phase proportional to n/2 – half of the number of
particles in each arm times the mean field interaction of
each particle g(n − 1|Φ(n)a |2. This reproduces correctly
the interaction energy of the configuration, which is pro-
portional to the number of particle pairs n(n − 1)/2 in
the two arms.
B. Interferometric visibility
We now consider an interferometric scheme where the
two arms of the interferometer are brought back to spa-
tial overlap after propagation. Here we consider an inter-
ferometer whose interference signal is based on a spatial
interference fringe pattern that may be probed either by
direct imaging or by momentum transfer (for example,
by Bragg pulses) that transforms the phase between the
momentum components of the fringe into relative pop-
ulations of output components. The spatial interference
fringe is formed when the left and right wave-packets
overlap in position, while their overlap integral vanishes∫
d3rΦ∗L(r)ΦR(r) = 0 due to lack of overlap in momen-
tum. We therefore analyze the atomic density just be-
fore probing and calculate the interference visibility of
the fringe pattern.
The atomic density follows from the many-particle
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wave function in Eqs. (37) and (38):
ρ(r, t) =
∫
d3r2· · ·
∫
d3rN |Ψ(r, r2, . . . , rN , t)|2
=
N∑
k=0
|ck|2
(
k
N
|Φ(k)L |2 +
N − k
N
|Φ(N−k)R |2
)
+
N∑
k=1
(
c∗kck−1
k
N
A
(k)
L
[
A
(N−k+1)
R Φ
(k)
L
]∗
×
×Φ(N−k+1)R ei(χk,N−k−χk−1,N−k+1) + c.c.
)
,(47)
where
A(n)a =
[∫
d3r [Φ(n)a (r)]
∗Φ(n−1)a (r)
]n−1
(48)
Is the product of the overlap integrals of the single-atom
wave functions of the same arm a = L,R with different
mean-field potential due to different numbers of particles
n and n− 1.
The overlap integrals A
(n)
a in Eq. (48) have two effects
on the interference term (bottom lines) in Eq. (47). They
add phase and may also reduce the amplitude of the in-
terference term if |A(n)a | < 1. In Appendix A we show
that the latter effect is negligible, and the interference
term in Eq. (47) may be approximated by
ρintrf= e
i[SL−SR)/h¯ei[PL·(r−RL)−PR·(r−RR)]/h¯
×
N∑
k=1
c∗kck−1|Φ((k)L ||Φ(N−k+1)R |ei[φ
(k)
L −φ(N−k)R ]
×ei
∑3
j=1(α
(L,k)
j (rj−RLj)2−α(R,N−k)j (rj−RRj)2), (49)
where the first line contains phases due to the motion of
the wave-packet centers, which are independent of the
number of particles in each of them, the second line
involves phases due to internal wave-packet dynamics,
and the third line contains coordinate-dependent phases
along each wave-packet, with the number-dependent co-
efficients α
(a,n)
j given by Eq. (16). The coordinate-
independent phases in the second line are given by
φ(n)a = ϕ
(n)
a + (n− 1)
3∑
j=1
σ2jλ
2
a,n,j
∂α
(a,n)
j
∂n
, (50)
where ϕ
(n)
a (for each arms a and particle number n) is
given in Eq. (18), λa,n,j is the solution of Eq. (17) for
each arm a and particle number n, and ∂α
(a,n)
j /∂n ≡
α
(a,n)
j − α(a,n−1)j .
In an interferometer where the wave-packets are
stopped at a distance d = |d| = |RR − RL| from
each other and then allowed for expand for a long time
tf [8, 14, 24, 45] the interference fringes are formed by
the expression in the second line of Eq. (49), their pe-
riod is 2pi(α · d)−1 ≈ 2pih¯tf/md, where αj are aver-
aged over particle numbers and assumed to be equal for
the left and right wave-packets. Variations of αj due to
particle numbers in the second line of Eq. (49) and in
Eq. (50) may give rise to the decay of visibility but they
may be regarded as a secondary effect compared to the
main phase-diffusion effect caused directly by the internal
wave-packet phases ϕ in Eq. (50).
We now expand the phase in the last line of Eq. (49)
in the particle number and obtain for the contrast C:
φ
(k)
L − φ(N−k)R ≈ φ(N/2)L − φ(N/2)R +
∂φ
∂n
(k −N/2), (51)
where
∂φ
∂n
≡ ∂
∂n
(φ
(n)
L + φ
(n)
R )n=N/2. (52)
The contrast of the interference fringes is determined by
the overlap between the wave-packet envelopes in the
first line of Eq. (49) and by the variation of the phase
over the number distribution. We assume that this dis-
tribution is relatively broad and smooth so that it can
be approximated as a Gaussian distribution of width ∆n
as in Eq. (41), in which case c∗kck−1 ≈ Pk exp[−(k −
N/2)/2∆2n]. Ignoring the loss of visibility due to lack of
envelope overlap we then obtain
C =
∑
k
Pke
−(k−N/2)/2∆2nei(k−N/2)(∂φ/∂n)
≈ exp
{
−1
2
[
∆φ20 +
(
∆n
∂φ
∂n
)2]}
, (53)
where ∆φ0 = 1/2∆n is the initial phase uncertainty due
to the number uncertainty ∆n just after splitting.
The expression for the internal wave-packet phase in
Eq. (18) contains a direct dependence on particle number
n through the parameter η = n/N and an indirect de-
pendence through the scaling factors λj . The same two
kinds of dependence apply to the second term in Eq. (50).
We can therefore write the phase uncertainty as
∆φ(t) =
√
∆φ20 + ∆φ
2
t , (54)
where
∆φt =
∆n
N
∑
a=L,R
d
dη
[
−η
h¯
∫ t
0
dτ
µint
h¯NΛa(τ)
+
3∑
j=1
(
−νj
2
∫ t
0
dτ
λ2a,j(τ)
+Nησ2jλ
2
a,j
∂α
(a,N/2)
j
∂n
) ,(55)
where Λa = λa,1λa,2λa,3 is the scaling factor for the vol-
ume of wave-packet a = L,R and the derivative d/dη
with respect to η = n/N involves both explicit appear-
ance of η in Eq. (55) and the implicit dependence of the
scaling factors λa,j on η through their evolution accord-
ing to Eq. (17).
Finally we note that Eq. (55) generalizes the standard
theory of phase diffusion in two aspects. First, it pro-
vides a parametric expression for the phase uncertainty,
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which includes wave-packet propagation beyond the TF
approximation. In this sense it simplifies an equivalent
treatment that would use a mumerical solution of the GP
equation with the top line of Eq. (55) beying equivalent to
defining the interaction phase as gN
∫
d3r |Φ|4 [29]. Sec-
ond, it includes two additional terms due (bottom line)
due to the kinetic energy or the phase along the wave-
packets due to their expansion. The significance of these
additional terms in different circumstances is yet to be
revealed.
C. Application to specific schemes
Let us now examine the application of the above results
to some important interferometric schemes, starting from
the well known example of spatially adiabatic splitting
into a double-well potential or another harmonic poten-
tial and continuing with schemes where the wave-packets
are propagating.
1. Spatially adiabatic potential
Let us consider spatially adiabatic splitting, where a
BEC wave function follows the instantaneous stationary
solution of the time independent GP equation [Eq. (1)].
In this case, the chemical potential and the instantaneous
BEC size for each arm with particle number n = ηN
(nL + nR = N) is given in Eq. (6), where µint(t)
(a,n) ∝
Ω˜6/5n2/5, while σj(t) = σj(0)λa,j(t) ∝
√
µ
(a,n)
int (t)/ω˜j(t),
so that Λa ∝ Ω˜−6/5n3/5. It follows that the instanta-
neous chemical potential satisfies µ
(n,a)
int (t)Λa(t)/ηa(t) =
µint(0), where µint(0) is the initial chemical potential and
therefore does not depend on the instantaneous trap fre-
quencies and the number of atoms so that it is indepen-
dent of time. We can therefore conclude that the term
ηµint(0)/Λa(t) in the upper line of Eq. (55) is the in-
stantaneous chemical potential of each arm. Then we
have dµ
(a,n)
int (t)/dη = 2µ
(a,n)
int (t)/5. In the spatially adia-
batic case the phase over the BEC wave function is al-
ways flat, such that αj → 0. If we ignore the depen-
dence of the kinetic term [first term in the second line
of Eq. (55)] on the number of particles we are then left
with the first line ∆φt ≈ 25h¯
∑
a
∫ t
0
dτ µ
(a,N/2)
int (τ). As-
suming that the two arms are symmetric, we obtain the
well-known result that the contrast is expected to drop
like C(t) ∝ exp
[
− 12
(∫ t
0
dτ Γ(τ)
)2]
, where the phase dif-
fusion rate Γ(t) is given by
Γ ≡
∣∣∣∣∂∆φt∂t
∣∣∣∣ = 4∆nµin(N/2)5N , (56)
where µint(N/2) is the steady-state solution of the GP
equation in the final trapping potential with N/2 atoms,
as can be calculated within our generalized TF approxi-
mation from Eq. (6). This result is well known from the
literature [25] and here we have only generalized it to be-
yond the TF approximation (while still the contribution
of the number-dependence of the kinetic energy).
2. Free expansion
We now consider a BEC initially in a cylindrical trap
with ω⊥  ω‖. For simplicity we assume that the trap-
ping potential is turned off quickly and that a splitting
pulse is applied right after switching off, before ithe BEC
starts to expand. The evolution of the scaling factors
obeys Eq. (17) with η = 1/2 with λ⊥ given by the λ0 = 1
and λ˙0 = 0 initial conditions of Eq. (20). Iin the TF
limit this gives λ⊥ =
√
1 + ηω2⊥t2. Here we ignore the
slow evolution of the longitudinal scaling factor λ‖ over
relatively short times where the atom-atom interaction
is still significant. In this case we can show that the last
term in the second line of Eq. (55) is
Nησ2⊥λ
2
⊥
∂α⊥
∂n
=
ηm
2h¯λ2⊥
σ2⊥ω
2
⊥t =
ηµintt
7h¯λ2⊥
. (57)
It then follows from Eq. (55), when we ignore the term
νj/2λ
2
j
∆φt =
∆nµin
Nh¯ω⊥
[
−ω⊥t
λ2⊥
−
√
2atan(ω⊥t/
√
2) +
4ω⊥t
λ4⊥
]
.
(58)
At times t  ω−1⊥ the phase uncertainty becomes sta-
tionary at
|∆φt(t→∞)| = ∆n
N
piµint√
2h¯ω⊥
. (59)
This value scales like ∆φt ∼ (as/`)2/5N−1/10 [see Eq. (6)]
and is therefore very small. We may conclude that under
usual circumstances phase diffusion is not a concern when
the BEC is expanding in free space.
3. Expansion in a waveguide
The main importance of the derivation in this section
is that it enables the estimation of phase diffusion in
cases where this effect is crucial for interferometry. While
our result in Eq. (56) for the rate of phase diffusion in
adiabatic splitting is already known from the literature
and our result for the phase diffusion of freely expanding
wave-packets [Eq. (59) shows that in such circumstances
phase diffusion is not crucial, we now provide an exam-
ple of phase diffusion in a matter-waveguide, where this
effect may be of major concern in attempting to design
and realize guided matter-wave interferometry.
In Fig. 6 we show the results of a calculation of the
phase diffusion process in a matterwaveguide with the
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FIG. 6. Phase diffusion in a BEC split into a waveguide. The
procedure and parameters are as in Fig. 4. The longitudinal
potential is ramped down exponentially in a time τr and the
splitting is performed at t0 = 2τr. The loss of visibility in
(a) is faster when the release time is longer and thefore the
expansion is slower and the cloud stays smaller and denser for
a longer time, giving rise to stronger atom-atom interaction
[cloud size shown in (b)]. Any design of a waveguide-based
BEC interferometer should take into account this trade-off
between cloud size and coherence.
same parameters as those used at the end of Section II C
(ω⊥ = 2pi × 100 Hz, ωx changed from an initial trap-
ping frequency 2pi × 40 Hz to zero within a time τ). We
numerically calculate the evolution of the wave-packet
parameters according to the prescription of Section II at
n = ηN = N/2 and n = ηN = N/2 + ∆n and then cal-
culate the corresponding phases φ
(n)
L = Φ
(n)
R of Eq. (50).
Then we assume that ∆a∂φa/∂n ≈ φ(N/2+∆n)a − φ(N/2)a
to calculate the phase uncertainty ∆φt.
We observe a trade-off between expansion and phase-
diffusion. If the trap release is fast then the BEC expands
quickly along the waveguide, the phase uncertainty grows
slowly and the visibility approaches a steady non-zero
value as the interaction becomes negligible with low 0061.
In contrast, when the release is slow the expansion of the
BEC after release is slow and the phase diffusion is fast
such that after some time of evolution the visibility drops
to very low values. These kinds of considerations should
be an essential part of any design of guided matter-wave
interferometry.
V. OUTLOOK AND CONCLUSIONS
In this work we have developed a general theory of
atomic wave-packet evolution in free space or in smooth
potentials, which is appropriate for a wide range of sce-
narios, from a single atom or a thermal cloud with neg-
ligible atom-atom interactions to a BEC with strong in-
teractions in the Thomas-Fermi regime. Our theory of
wave-packet evolution supplies an effective tool for ap-
proximating the solution of the GP equations for the dy-
namics of a BEC, which may be very helpful in simulat-
ing the evolution in matter-wave interferometers based
on atomic clouds, where a numerical solution of the GP
equations in three dimensions would be very difficult or
impractical. We support our theory with a few examples
of the evolution of a BEC which is initially trapped and
then split into a waveguide potential, where we compare
the results of the theory to full numerical solutions of the
GP equation and find excellent agreement.
Although our theory of wave-packet evolution is based
on a mean-field approximation for the atom-atom inter-
action, we apply it to the theory of phase diffusion of
a split BEC, where a mean-field approximation is em-
bedded into a many-body theory of the dynamics. Our
theory of phase diffusion provides some new analytical
results for situations in which the two split wave-packets
propagate in free space or in a waveguide, where the sim-
ple two-mode model does not apply.
Our wave-packet propagation theory goes beyond some
other works that generalized the usual time-dependent
TF method [32]. We provide a generalized Thomas-Fermi
theory for the BEC in a harmonic trap, which is appro-
priate to the whole continuous range between a single
atom or a non-interacting BEC to the TF regime of a
strongly interacting BEC. It also applies to the case of
a BEC in an elongated trap, where the transverse direc-
tion is dominated by kinetic energy while the longitudinal
direction may be dominated by atom-atom interactions.
We then provide a semi-analytical approximation for the
transition between a three-dimensional BEC and a quasi-
one-dimensional BEC [35, 36] at zero temperature. In
addition, we provide a description of the evolution of a
BEC in such circumstances when the potential is changed
in time, as long as the potential may be approximated by
a quadratic form.
One example of the application of our wave-packet evo-
lution method to the question of interferometric coher-
ence and demonstrates the versatility of the method is
provided in Section III. We generalize the the old the-
ory of spin-coherence in a Stern-Gerlach interferometer,
which is relevant to any interferometer where internal
levels are entangled with interferometer paths, where the
contrast is limited by the precision of the spatial recombi-
nation (the “Humpty-Dumpty effect”) [20–22]. This the-
ory was already generalized and applied later to modern
light-pulse interferometers [23]. Here we provide practi-
cal expressions for the estimation of the coherence that
are suitable for cases where the wave-packet evolution is
governed by atom-atom interactions of any strength.
Finally, our theory of the effect of atom-atom inter-
actions on the coherence of interferometers based on a
BEC is expected to provide useful estimation for the fea-
sibility of new kinds of interferometers, in particular in-
terferometers where the atoms are guided in a dynamic
potential [52, 53] or waveguide potentials [54, 55].
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Appendix A: Derivation of the number-dependent
phase
For estimating the overlap integral in Eq. (48) we
use a Gaussian approximation for the initial wave-packet
Φ0(r) ∝ exp[−
∑
j r
2
j/4σ
2
j ]. We can therefore separate
the variables rj = 1, 2, 3, so that
A(n)a =
∏
j
A
(n)
a,j e
−i(n−1)(ϕ(n)a −ϕ(n−1)a ), (A1)
where ϕa are the coordinate independent phases and
A
(n)
a,j = Cnj
[∫
dx exp
(
−x
2
4
(
1
λ2j,n
+
1
λ2j,n−1
)
−i(α(n)j − α(n−1)j )x2
)]n−1
, (A2)
where Cjn is a normalization constant Cjn =
(2piλj,nλj,n−1σ2j )
−1/2. The integral yields
A
(n)
aj =
[
λ2jn + λ
2
j,n−1
2λj,nλj,n−1
+ 2σ2jλj,nλj,n−1(α
(n)
j − α(n−1)j )
]−(n−1)/2
.
(A3)
One can get easily convinced that if λj,n−1/λj,n = 1 + δ
and σ2j (α
(n)
j − α(n−1)j ) = , where δ,   1, then the
absolute value of A
(n)
a,j in Eq. (A3) is of quadratic order
in the small parameters, so that |A(n)a,j | ≈ 1, while the
phase factor contains the first order in . We then obtain
A(n)a ≈ ei(n−1)
∑
j σ
2
jλ
2
a,j,n(α
(a,n)
j −α(a,n−1)j )e−i(n−1)(ϕ
(n)
a −$(n−1)a ).
(A4)
The second exponent in Eq. (A4) cancels with the cor-
responding term in the exponent in Eq. (47) containing
the global configuration phases χk,N−k and χk−1,N−k+1.
This can be verified by using Eq. (46) for the configura-
tion phase, which contains the differences
1
2
(nϕ(n)a − (n− 1)ϕ(n−1)a ] = (n− 1)
∂ϕa
∂n
(A5)
for a = L,R. This exactly cancels the phase in the sec-
ond term of Eq. (A4) so that in the interference term of
Eq. (47) we are left with the phases of the wave functions
Φ
(n)
a and the phases in the first term in Eq. (A4).
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